it AN RBIAIZ D AR iR
Benders%fif




CONTENTS

|11
24

BRRIEFRAL

Bendersa @7

Benders$f

RIE



!




m SFHL

maximize HrEREL (UL BtR)
subject to ZUSRFM (AI17IE)

L6}

1401
120
1)
sl

60

40

G = 300 .
20

0
L 30 50 T wER o 1H 130 15

2022/10/21




K ssEchHE

O 3EAAIELE K [B) 25
B SRR
=R /A\_JMN/\FﬂB«l%%nuf_?EM/\%ﬂB ’@AF‘_i& i = ERNa; , 81MEIj FBEAZEAD; .

ﬁ
cij TR | TR / IR, Xij SN | RS JHF e E.

N M
min ) ) ey SIMUSHAE  BE
11\71 j=1
s. t.zxij =a,i=12,..N FEHBZIER. ~
j?}
" 4
le, =b;,j=12..M aitgsR [ BIRAAT
=1
;U >0,i=1,2,.N;j=1,2,..M JERAA R

2022/10/21



HIZLF 1L

iR

4

B DEGSPRESHEER

)=

=

m

N D 5
B 5
w_uﬁ_mnm
N R R
¥ RE
X T
R
A A A
R
NN NN N
A A A

1
(QVl
N
(@)
=
N
(QV]
(@\|
(@)
A




K ssEchHE

O ZiERRYEIF R R

B TEHIAIIREX
> NI S LA 7055
> NRIEE FEN83954
> BA9ZE7R5605 AR
(SRERIR2016F A TEE)

&

/

2022/10/21

> BEZFAPXRER
2%+ RS




K ssEchHE

O At AaB=HTRE S E?

B O[S RHRBIRSTAGE

2022/10/21

maximize BFrAZI01T

subject to ZJ5RZ&(41(4*5)
RS ZIR(1*10)

+ BFREAEIN2

ZYERFAF2(55)

(10*10)=100

maximize HFIREAEIMN1
subject to ZJRZF(AT

(4*5)=20

maximize BEPRERZIIN2
subject to ZJRZE(A42

(5*5)=25




K ssEchHE

O WITERRESLIRAIAIRE FEITIRBL D HE?
n SEREER

e.g. iR

B WFESURERNZER

e.g. Benders>#i#

2022/10/21






[ Bendersa 51

O FAERSE2HE?

m ZeTEmE m B
max ¢! x max f(x)
s.t. Ax < b s.t. F(x) <b
x €RT xe€Sczt

> KEERS I > RESECKBERIEME

m RSEAHL

max c'x + f(y)
s.t. Ax+F(y)<bh
x €ERT
YES

2022/10/21



[ Benders$

¢ZHiBendersyfi

Numersche Mathematik 4, 235 — 252 (1962} Solving mixcd-variables programming problems

oroblem (whi

may be line
blem ¢
ulation of a complete set of
o g » g 1, two multi-step prox
Partitioning procedures for solving mixed-variables : te number of constraints deters
programming problems* “olution of problem {4.1). Each stop involves the solution of a general p
; problem. The two proceduses differ only i

s solved.
versions of these
This p

7, non-linear,

ete,) defined on S,
in order to avoid t
aints lor the feasibie region m
ve been disigned both

dures

By
J. F. BENDERS** edures constitute part ©
wever, contains a mere d

the author’s doctoral
dissertation d description of

e comps

1. Introduction

In this paper two slight

different proceddutes are preseated for solving
mixed-variables progra

preblems of the type

11. Preliminarics

 We assume the sonder o bo famlas with the theory of canvex plyhoda
- P 0 5 and with 2ar programming problem
axfe s+ (A s+ FO) Sb, xER,, yES) 1.1 s o Prog e
max{e"x+/()| 45+ F0) 5. Y vl by the simplex method; ser g, Tvcker (23], GoLwmax (8] and Gass [6].

whete x€R, (the p dimensional Euciidean space), yE,. and S is an arbitrary Throughout this paper 1, v and 2 denote vectars in Ry #y, % and 2 are

subset of K, Furtherms
F(y) an m-component vect:
vectors in R,

ix, #() 35 a scalar function and sealars,
delined on S, and b and ¢ are fived

an (m, p)
junction bot
. respectively

cnience the partitioned column vectors

An exa mnteger programming problem in which certain ()
vanables alue on a given interval, whereas others are )

stricted to ot this case S i3 a set of vectors in R, wi

iy ods for solving this problem ha .

. gral . ts. thods for « w.| m\w [P“ ot are written in the form ) and {1y, #). respectively

e variabim; T partica carporathig in the programmin , The Tetter ¢ will always stand for & vector of appropriate dimension with
integer varisbles, in parti ating in the program R G

1 chosce from a zet of al Yiscrete decisions, has been ¢ 1 all componeats equal to one

Dantzic 4 Ik the »m,,ﬂl.mv-l\ atd ¢ the vector in R, both oceurring in the for-
r examples are t ! i in variables occur in mulation of problem (1.1}, we will define
(1 924 6 1 = 20 1 7 1 9) othets in a non-linea i t T or of the problem (see e g. GRIFFITH {a} the convex polyhedral cone € in K, , by
. . . . 2

and STEWART [71). In such cascs f(y) or some of the components of Fiy} are
ions defined on a suitable st
rtitioning

Jacobus Franciscus (Jacques) Benders g R S

€ = [y, 0}] AT — c

o two mutoaily
ideved as being G A

5 Com (] 4Tu 20, w20} >3
oblem indicates o= {4l = 22
he problem

couvex poly’

ane €, i R, by

tural partitior (¢} the convex polyhiedron P {which mav be empty) in R, by
ctually

struct
10 which also many other block structures can
ar programming problems ethciently
csigned by DANT21G and WoLFs I3,
procedares Lo be described in this repott is 3

roblems.

TIL. A partitioning theorem
Introducing a scafar variable x,, we write problem (1
valent form

1955, Shell laboratory in Amsterdam
1960, PhD in Utrecht University

first {n the equic

ming of th

maxfry| ¥g- T ¥ — NS0, dxLF

y=35} (1)
* Paper presented
e, Lt Le. {3y, ¥, V) is an oy

(¥, ) i an of

m solution of problem ().1) if and only if 7,
wm solution of problem (4.1}

1963, Professor of Operations Research at the

Eindhoven University of Technology, being the Benders J F. (1962). Partitioning procedures for solving mixed-

first Professor in the Netherlands in that field ;‘;gagé_é; programming problems. Numerische Mathematik, 4(7),

2022/10/21

SOUTHEAST UNIVERSITY




[ Bendersa %iEi7

O ZZ£HBendersyf

2022/10/21

max cTx + f(y)
s.t. Ax+F(y)<bh
x €RR*
yES

BRI

é"]%(}% Xp)

E[‘ﬂ%ﬂ (y'xo)

FIA)RA(x)

g

XIE SR ()

F(a) TR v



[ Bendersa %iEi7

O Z£8Benders$f

2022/10/21

BRI

max clx H53{E min bTu
s.t. Ax<b | < » | s.t. ATu>c
x ERT u€ERT
J5 ) R O il ) B ) IR ) )
H b1 2 max H 47 B4 £ min
n ™ n ™
wgd =0 = Lyygemn
<0 <
L _
H b e 2 A2 8 1 R 5L A Ly Esv]
mA m>
Wk = =0 Ly
> <0
_ FLH
Yy A A b o B A W ) R B




[ Bendersa %iEi7

O ZZ£HBendersyf

2022/10/21

BRI

max c! x min b7 u
s.t. Ax <b | B %1% s.t. ATu>c
x €ERT u€RY
[RIa)RER] T [RIRREA 1T
[RIAIE &R
Bl n] 1T (BRIt AL YEREEIRREELR
B BfreREUERE
\ — X . [RIAEAET 1T
\ 8 % RIB el 7 \i* U —
YHBEAEAD 1T | ROEERREETR SHEERET {5




[ Benderso R @i

max c'x + f(y)
O Z#Benderss3 HA%E 5.t Ax +F0) <8
YES
max f () = %o
" s.t. cuts
(b= FONU+fO) = x AR
(b—-Fy)'v=0 B R

max(b — F(y))"u
S.L ATu =>C < \
u € R TR v

2022/10/21



[ Benderso R @i

max c'x + f(y)
O Z#Benderss3 HA%E 5.t Ax +F0) <8
YES
max f () = %o .
"|'s.t. cuts > Ea‘ﬁiﬁ
(b= FONU+fO) = x AR

(b-Fu)'v=0 EFT IR

A

max ¢! x 7
st. ATx<b—F(y) | \
x €RT TR v

A

BERIR

2022/10/21



[ Bendersa %iEi7

O ZZ28iBenderssf (Ch3schk

CPLEX  https://www.ibm.com/docs/en/icos/20.1.0?topic=parameters-benders-strategy
GUROBI http://www.gurobi.cn/picexhview.asp?id=90

EFFE  https://zhuanlan.zhihu.com/p/428706477
https://zhuanlan.zhihu.com/p/572542745
https://mp.weixin.qq.com/s/TSdJJ3bzitmGqTuAB60OSNw

https://mp.weixin.qq.com/s/aRvQKIYIWzhyebYvnvl-Aw

{Xr33%15 lazy constraints
EimRE SN M AAEEERE

2022/10/21



Benders9 iR [RIE




[ Benders#3 R /RIH

O ZBiBenders># partitioning theorem
max c'x+ f()
{g‘ s.t. Ax+F(y)<bh
B x €R*
yeSs
l & ) BRI R R
EELERS(6)
max x
&b sxg xo—clx—f(y) <0 B II‘ .
I%J Ax +F(y) < b (%0, X, y) R BN RO R AR
B x €RR*
=l yeSs

2022/10/21



[ Bendersy i [RIH

O ZBiBenders># partitioning theorem
= max cTx + f(y) 28 x B
|‘nj s.t. Ax+F(y)<b max x,
iEEE x € Rt M
yES s.t. (x5, y) €EG
l 6= ﬂ {0 M)luoxo +uTF() —uof () <u'b,y €S} |
rr;cax X0 (uo,u)EC '
S.g. xo—clx—f(y) <0 L C ={(up, W) |ATu —cuy = 0,u€ R uy € R}
Ax+F(y)<b — e
vert | crnsEsE, BERHMRIEER
yeSs

6 = | J{co b + @hTFO) - ulf o) < @b,y € 5)
h<H

2022/10/21




[ Benders#3 iR /RIH

O Z£HiBenders partitioning theorem
,TE""]*E [&R3.5
maxclx +f0) max 1, 6 = | oo + @nTFO) - ulf o) < @b,y €5)
s.t. Ax+F(y)<b Xo h<H
x €ERT s-t. (xo,y) € G (ul, u™ € {(uy, w)|ATu — cuy = 0,u € R, u, € R}
yeES

(1) JRAIEAA T < [a)f3.548]17
(2) [REIAeI{HMEISB®LE < BE3.5r] e B &Li#E
(3) &, V) RFREBN—MEME Hxo = c'x + (V) = (%0, V)23 SHIRIUAE B x290 T IAEAYEUE
max {cTx|ATx > b —F(y),x € R*} (|AJRK3.6)
(4) TR (x,, y) 2R3 SHIRMRE = [BIfE3.62017H B RIMBNMEZF T, — f()
ANERxZEE3.6RIRMAE = (v, y) RRBE— &I H RICBTRME X,

2022/10/21




[ Benders#3 iR /RIH

O ZZ£HBendersyf

partitioning theorem

(1) JRIEEAAIT < [a@#3.54R817
(2) RAEAITEIREHNE < B@3. 571 TR G &IUHE
(3) (x, y) BRI —NRME B xo = cTx + f(7) = (%0, y) 23 .50 ME B x 200 T aBA IR

max {cTx|ATx > b —F(y),x € R*} (|AJRR3.6)

(4) tNER Gy, 7)RIEIER3 SHUSLAR = [98R3 62 AT1TH B BMEIFEETT - fO)
AR RT3 SR > (% 7) ERDE— N RMR B RILEHENT,

2022/10/21

—c'x < —xo + f(¥)
Ax < b —F(y)
x €RT

Br1TH

77

H

& ugxg+ulF(y) —ugf(y) <ulb V(ugu) €C




[ Benders#3 iR /RIH

O ZBiBenders># partitioning theorem

—Tx < —xo + f(7) -
Ax < b —F(y) BO1THE o upxo+u'FOy) —uof(y) <uTh V(ugu) €C
x €RT

Farkas' lemma

I3x eR":Ax=b or 3Au€e{u|lATu=>0:bTu<0

Julius Farkas FARKAS, J.,"Die diatonische Dur-Scale wissenschaftlich begriindet”, Pest, 1870
(1847.3.28-1930.12.27) FARKAS, J.,, "Die diatonische Dur-Scale wissenschaftlich begriindet," J. Reine Angew. Math. 124 (1902), pp. 1-24.

2022/10/21



[ Benders#3 iR /RIH

O Z£HiBenders partitioning theorem
,TE""]*E [&R3.5
maxcx+ ) max x, 6 = | J{Gomiudxg + @MTFO) —ulf o) < @b,y €5)
s.t. Ax+ F(y)<b o h<H
x €RT s.t. (Xo,y) €6 (ul, u") € {(ug, u)|ATu — cuy = 0,u € R*,uy € R*}
yeES

(1) JRAIEAA T < [a)f3.548]17
(2) [REIAeI{HMEISB®LE < BE3.5r] e B &Li#E
(3) &, V) RFREBN—MEME Hxo = c'x + (V) = (%0, V)23 SHIRIUAE B x290 T IAEAYEUE
max {cTx|ATx > b —F(y),x € R*} (|AJRK3.6)
(4) TR (x,, y) 2R3 SHIRMRE = [BIfE3.62017H B RIMBNMEZF T, — f()
ANERxZEE3.6RIRMAE = (v, y) RRBE— &I H RICBTRME X,

2022/10/21




[ Benders#3 iR /RIH

O ZHBendersyfi ITEiREE

g|IE1:
£IE3.50]17 H vy BaJiTiEBERaeE F: «( ECLEEX LR P = {u|A"u = c,u € RT}ATEE

[RJER3.50]1T = FE(x, y") €G = ﬂ {(xo, Muoxo +u'F(y) —uof(y) <u'b,y € S}
(ug,u)ec
C = {(ug,u)|ATu — cuy = 0,u € R*,u, € R*}

Y vcze:

EPAED = _ = xo < max{u’b—u'F@y)+ f(y)} < o
Uy = yeZt

%P = ® = Uy = 0 = on, (x{;,y*) EG — xo%%

2022/10/21



[ Benders#3 iR /RIH

O ZZ£HBendersyf

11'%:%*35

S|IE2 .

TR RREEARRE (<o, y)E D=3 SE&F < min{(b — F() ulu € P} = x, — f(¥)

st ()RR

max xO
Xo

s.t. (xo,y) €G (Q)

upxo + u'F(y) —uof(y) <u'b {

6@ = (] (Coluore+u"FO) - uf ) <u'h,y € 5)
(uo,u)EQ
QcC={(upu)|ATu —cuy >0,u € R*,uy, € R*}

Uy =0 = ulF(y) <ub = bB-FO)u=0

Uug=1 = xg+u'Fy)—fO@) <u'pb = xy<u'b—u'F(y)+f(y)

2022/10/21



tIRIE

[ Benders$

O ZBiBenders># BHARIE

max f(y) — X

Y,Xo0

b-FoN"u+f)=x

(b—F())'T 20

EFT IR

"| s.t. cuts
YyES

max ¢ x + f(y)
s.t. Ax+F(y)<bh
x €ERT
YES

max(b — F(y))Tu
st ATu>c
u €RT

Fin)RafE v

2022/10/21




i1 159 1 Y (5 Oy
WisHb TR IE

TMAHRLR: R RKZBURIIR X AT E R K112
BR&R A A: mopengli@seu.edu.cn

ST UN}
A . ,
c| - ~ | \ 5‘

SOUTHEAST UNIVERSITY




